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Abstract—In this paper, we study the problem of integral 
input-to-state stabilization in different norms for parabolic PDEs 
with integrable inputs. More precisely, we apply the method 
of backstepping to design a boundary control law for certain 
linear parabolic PDEs with destabilizing terms and L’-inputs, 
and establish the integral input-to-state stability in the spatial L”- 
norm and W'?-norm, respectively, for the closed-loop system, 
whenever p € [1, +00] and r € [p, +00]. 

In order to deal with singularities in the case of p € [1,2), 
we employ the approximative Lyapunov method to analyze the 
stability in different norms. Concerning with the appearance of 
external inputs, we apply the method of functional analysis and 
the theory of series to prove the unique existence and regularity 
of solution to the closed-loop system. 

Index Terms—integral input-to-state stability, input-to- 
state stability, backstepping, approximative Lyapunov method, 
parabolic equation 


I. INTRODUCTION 


In the past decade, a great effort has been devoted to 
developing the theory of input-to-state stability (ISS) for 
infinite dimensional systems governed by partial differential 
equations (PDEs); see, e.g., [1], [2]. In particular, the ISS, 
as well as its variation integral input-to-state stability (iISS), 
of open-loop PDEs, for which the zero solution of zero-input 
system is asymptotically stable, has been well studied; see, 
e.g., [1]-[10] and the references therein, while the integral 
input-to-state stabilization of PDEs with destabilizing terms 
was less considered, except [6], [11], [12] for the input-to- 
state stabilization of parabolic PDEs or cascade ODE-PDE 
systems. 

For parabolic PDEs with destabilizing terms, it has been 
shown that the backstepping is a powerful tool for designing 
controllers and the classical Lyapunov method (CLM) is well- 
suited for the stability analysis; see, e.g., [13]. Nevertheless, 
in the most of reported work, the stability estimates were 
established in the spatial L?-norm or H!-norm; see, e.g., [14]- 
[23] for the exponential stability of systems without external 
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inputs, and [11], [12] for the ISS of systems with external 
inputs, respectively. 

However, due to practical applications or from mathematical 
point of view, stability properties of PDE systems need to 
be assessed in the sense of various norms; see, e.g., [24]— 
[26] for the spatial L+-stability of PDEs without external 
inputs, and [7], [27], [28] for the ISS and iISS in various 
norms of parabolic PDEs with external inputs, respectively. 
Therefore, it is of great interest to study the problem of input- 
to-state stabilization, or its general framework, i.e., the integral 
input-to-state stabilization, in different norms for PDEs with 
destabilizing terms and external inputs. 

It is worth noting that, for the (integral) input-to-state stabi- 
lization of parabolic PDEs, a boundary controller can be still 
designed by following the standard procedure of backstepping 
(see, e.g., [11], [12]), but it is not an easy task to analyze the 
ISS or ilSS (even the exponential stability without involving 
external inputs) in different norms by using the CLM. For 
example, consider stability of the following heat equation 
without external inputs via the CLM: 


u(x, t) =Ugzg (T, t), (x, t) € (0, 1) x (0, +00), 

u(0,t) =u(1,t) =0, t € (0,+00). 
It is well-known that the functional V (u) := J ju(x, t)|Pda 
is an appropriate Lyapunov candidate for obtaining the ex- 
ponential stability in the L?-norm when p > 2. However, 


as indicated in [27], [28], utilization of V(u) may lead to 
singularities in the case of p € [1, 2). Indeed, 
e for p = 1, the functional $ ie |u|da is singular due to 
the fact that g(s) := |s| is not differentiable at s = 0; 
e for 1 < p < 2, it holds (formally) that 


d 1 
af |u|? da: = | juj sgn(u)u,dx 
0 0 


1 
=» | juj sgn(u)uzsdz 
0 


1 
d 
a cae p—l1 2d 
p f Ellul sgn(u))u2ae, 


with “(|s|?~1sgn(s)) being singular at s = 0, where 
sgn(-) denotes the standard sign function. 


In order to overcome the aforementioned obstacle in the 
application of Lyapunov arguments, the authors of [27], 
[28] introduced the approximative Lyapunov method (ALM) 
and established for a class of nonlinear open-loop parabolic 
systems the iISS in the L+-norm under various boundary 
conditions [27], and the iISS in the L?-norm and W!?-norm 
with any p € [1,2) under Dirichlet boundary conditions [28], 
respectively. Nevertheless, the integral input-to-state stabiliza- 
tion in different norms for parabolic PDEs is less studied. 

In this paper, we consider the problem of integral input-to- 
state stabilization in the spatial L?-norm and W+?-norm for 
certain linear parabolic PDEs with external inputs, whenever 
p € [1,+00]. We follow the standard procedure of back- 
stepping to design a boundary controller, while employ the 
ALM to assess the iISS in different norms for the closed-loop 
system. 

It is worth noting that, due to the appearance of external 
inputs, the invertibility of integral transformation cannot be 
proved via deriving the kernel functions, but it is proved by 
using the method of functional analysis. In addition, since the 
ISS or ilSS requires that the norm of the solutions should be 
consistent with the norm of initial data, the stability in the 
L?-norm or W1?-norm with p € [1,2) cannot be obtained 
via Sobolev embedding theorems in the Lyapunov arguments. 

This paper is organized as follows. Section II introduces the 
problem setting, main result and technical line. Section II and 
Section IV present the iISS in different norms for the target 
system and the closed-loop system, respectively. Concluding 
remarks are given in Section V. 

Notation Let No, N+, R, Ryo and Rso be the set of 
nonnegative integers, positive integers, real numbers, positive 
real numbers and nonnegative real numbers, respectively. 

For q € [1, +00] and an arbitrary open or closed domain 2 
in R! or R?, the notations of L4(Q) and W'4(Q) denote the 
standard Lebesgue spaces and Sobolev spaces with elements 
defined over Q and equipped with the norm ||v||za(o) and 
l|v|| wa. (9) respectively, see, e.g., [29]. Let Ce J= {v : 
Q — R| v is continuous on Q}. For i € Ny, C (Q) := {v : 
Q — R| v has continuous derivatives up to order i on Q} 
equipped with the norm ||v||cio) == 22) ;)<; SUPa Div]. 

Let Qoo := (0,1) x Rso and Q,, := [0,1] x R>o. For 
T € Ryo, let Qr := (0,1) x (0,7) and Qr := [0, 1] x [0, T]. 
Let C2 (Qr) := {v : Qr > R| v ma € C(Qr)}. For 
o € Ryo, the notations of H? ([0, 1]) and H”? (Qr) denote 
Hölder spaces that are defined in Chap. I]. 

For a function v : Qr —> R, the notation v{t] denotes the 
profile at t € [0, T], i.e., v[t](y) = v(y,t) for all y € [0,1]. 

Let K := {y : Rso > Rso| y(0) = 0,7 is continuous, 
strictly increasing}, £ := {y : Rso > Rso| lims.7(s) = 
0,7 is continuous, strictly increasing}, KL := {8 : Rso x 
Rso > R>o| B(-, t) EK,VtE R>o and B(s,-) E L,Ys € 
Rso}. 


Throughout this paper, let 
D:={(z,y) ER? | 0<y<a2< 1}. 
For k € C?(D) that satisfies (3) (see [21]), denote 


a Ee ui LY),  @2:= zo |k(a, x)|, 

a3:= max |kz(£,y)|, @&4:= max |krz(x,y)l, 

' Re (zy)h a4 max, koala) 
d 

a5 = To (h(a, #)) + (Ra (x, 9) )iy=a 


II. PROBLEM SETTING, MAIN RESULT AND TECHNICAL 
LINE 


A. Problem Setting and Main Result 


In this paper, we consider the following 1-D linear parabolic 
equation with mixed boundary conditions: 


wlx, t) =Wee (x,t) + c(x)w(a,t) 


+ f(x,t), (x,t) E Qo, (la) 

w(0,t) =0,t € Rso, (1b) 

wy(1,t) =U(t),t € Ryo, (1c) 
w(x, 0) =wo(x), x € (0,1), (1d) 


where c, f,wo and U are given functions, among which f 
represents distributed in-domain disturbances and U represents 
boundary control inputs. It is well-known that the open zero- 
input system (i.e., f = 0 and U = 0) is unstable for large c; 
see, e.g., [13]. 

The objective of this work is to stabilize system (1) in the 
framework of iISS theory and to establish stability estimates 
in different norms under the boundary feedback control law 


U(t) = —k(1, 1)w(1,t) — | ke (1, y)w(y,t)dy, O 


where k is a kernel function that is defined over D and satisfies 


Koa (&, y) = kyy(£, y) =(A + c(y))k(zx, y), (3a) 
2 (kla, x)) =A + c(x), (3b) 
k(a,0) =0, (3c) 


with À being an arbitrarily positive constant. 
Throughout this paper, for well-posedness and stability 
analysis, we assume that 


c € C((0, 1), 
and choose 
U := H”? (Q) 


as an admissible set of in-domain disturbances with some 0 € 
(0,1), i.e 


feu. (4) 


Let wo E€ H?+°((0, 1]) satisfy the compatible conditions 
wo(0) =0, (Sa) 


1 
won (1) =— k(1, L)wo(1) - ] ke(1,y)woly)dy. (5b) 
0 
We consider 
p € [1,+00] and r€ [p, +00] 


that are given arbitrarily. 

Definition 1: System (1) is said to be L”-input-to-state stable 
(L"-ISS) in the spatial L?-norm, or W1?-norm, with respect 
to (w.r.t.) the in-domain disturbance f € U, if there exist 6 € 
KEL and y € K such that the solution to (1) satisfies for all 
te Ryo: 


[w(t 


)\llz20,1) <8 (llwollzeo,1), t) 


+7 (IF| 


L" ((0,t);L? (0,1)) } » (6) 


or 


Mlw22(0,1) <8 (||wollw2.2(0,1), t) 
+7 (IFI 


In particular, system (1) is said to be input-to-state stable (ISS) 
in the spatial L?-norm, or W!P-norm, w.r.t. the in-domain 
disturbance f € U, if (6), or (7), is satisfied with r = +00. 

The following theorem is the main result obtained in this 
paper. 

Theorem 1l: Under the boundary feedback control law (2), 
system (1) admits a unique classical solution w that belongs to 
C>1(Qr). Moreover, system (1) is L’-ISS both in the spatial 
L”-norm and in the spatial W+?-norm. 


L7((0,t);W2P(0,1))) + (7) 


B. Technical Line 


The proof of Theorem 1 is divided into three steps, among 
which Step 2 and Step 3 are presented in Section MI and 
Section IV, respectively. 

Step 1. By virtue of the standard procedure of designing a 
boundary backstepping control for parabolic PDEs (see, e.g., 
[1], [11], [12], [19]), we use the integral transformation 


uzt = wlt f kasww ® 
0 
to transform system (1) into the following target system 


u(x,t) =Ure (x,t) — Au(x,t) + f(z,t) 


+f k(x, y) f(y, t)dy, (x,t) E€ Qo, (9a) 
0 

u(0, t) =u,(1 ’ t)= 0, te Rso, (9b) 
u(x, 0) =uo(x), x € (0,1), (9c) 


where uo(x) := wo(x) + Jo kl x,y)wo(y)dy. The proof is 
standard and thus is omitted in this paper. 

It is worth noting that the existence and uniqueness of k € 
C?(D) have been proven by using the method of successive 
approximations in, e.g., [21]. 

Step 2. We prove the L’-ISS of system (9) in the spatial 
L”-norm and W1:?-norm, respectively, by using the ALM. 


The main idea of ALM is to estimate 
1 


d d 1 
EF P d aa, P + p? £ d 
dt ù p (u) z or dt f (p? (u) pr (u )) T 


other than 


d ft d ft 
= |u|?da or F (\u|? + [uz|P) da 
xj dt J, 


so as to avoid singularities in the classical Lyapunov arguments 
when p € [1,2), where for any fixed r € Ryo the function 
p,(-) is defined by 


Is, |s| > 7, 
pr(s) := sî 35? + 3T is| < (10) 
t ‘ T 
8s 4p |g’ 
It is clear that p, € C?(R) and satisfies for any s € R: 
p,(0) =0, 0< |s| < pr(s), |o7(s)| < 1, (lla) 
0, |s| > 7, 
O<pr(s)=4 3 8? (11b) 
or (1 = =) 5 |s] <T, 
3T 3T 
0<pr(s)— > < #,(8)8 < p(s) Ss] +]. Cle) 


Moreover, the second inequality of (lla) and the fourth 
inequality of (11c) guarantee that 
1 1 
lim p?(u)da -f |u|? da, 
T>0* Jo 0 
1 


l (Rl) + ph (ue) ae = f (lul? + jus”) dz 


Step 3. By using the method of functional analysis (see, 
e.g., [19]) and the theory of series, we establish estimates in 
different norms for operators related to the inverse transfor- 
mation of (8). Then Theorem 1 follows from the estimates of 
u, k, and the invertibility of (8). 

Note that, due to the appearance of external disturbances, 
it is hard to find an inverse transformation of (8) that has a 
form 


lim 
T= 0t 


w(a,t) = ult) + f Ue, yyulv, ty 
0 
with some kernel function J. 


Ill. THE L’-ISS OF THE TARGET SYSTEM 


We first present a well-posedness result for the target 
system (9). 

Lemma 1: The target system (9) admits a unique classical 
solution u that belongs to C>!(Qr) and has the derivative 
Uzt ae. in Qr with uzt E L?(Qr) for any T € Ryo. 

Proof: In view of k € C?(D) (see [21]) and the condition 
(5) with wo E€ H?+9((0, 1]), it is clear that ug € H?*°((0, 1]) 
and the compatibility conditions uo(0) = uos(1) = 0 hold 
true. In eo since f € U and k € C?(D), it follows that 
f(x,t) + JE kle, y) f(u t)dy € He (Qao). 

The theory of ‘linear parabolic PDEs (see, e.g., [30, Chap. 
IV, Theorem 5.3]) guarantees that the target system (9) admits 


a unique classical solution u € H2+9!+5(Q,,) for any 
T € Ryo. Note that H?+®1+3 (Qr) > C21(Q,). Thus, the 
solution belongs to C>! (Qz). In addition, in view of the proof 
of [30, Chap. V, Lemma 7.2], u has the derivative wz; a.e. in 


Qr and Uxt E L? (Qr). E 
The following result presents the L’-ISS of the target 
system (9). 


Proposition 1: The target system (9) is L”-ISS in the spatial 
L”-norm and W!?-norm, having the estimate for all t € Ryo: 


lu(-, t) || ze (0,1) <e~* ||woll z2(0,1) 
+ (14+ a1)R|| f| 


Lr ((0,t);L?(0,1))> (12) 


and 


lu(-, 2) Ilw2-(0,1) <e**||uollw2.2@,1) 
+ Ril fllt-((0,4);w42(0,1)) (13) 
respectively, where A := A for p = 1 or A := A -— e for 
p € (1, +00], € € (0, A) is an arbitrarily positive constant, 


r-1 


r—-l\ 7 
Ar 


and R := (1+ ai + @2)R. 

Proof: In the sequel, let p(s) be defined by (10), and 
F(x,t) := f(x,t) + Jy k(x, y) f(y, t)dy. We proceed to the 
proof in 2 steps. 

Step 1. We prove (12). For p € (1, +00), by integrating by 
parts, we have 


id f 
= f punds 
4 
=| pk (u), (u) (Wax — Au + F) dz 
=- | (œ= DEON) + E ou) wa 


1 1 
- | udet f pa lu)Fae. (14) 
0 0 
We infer from (11a) and (11b) that for all s € R: 


(8) := (p — 1)p2-?(s)(o',(s))? + p2-1(s)pl%(s) > 0. (15) 
By (11a) and (11c), we deduce that 


P f pP-1(u)p!, (u) ude 


1 


1 1 
=- f atlast | Ap?! (u)dz. (16) 
0 0 


By (11a) and the Young’s inequality with € € Ryo, we have 
1 
[ewer (u)Pae 
0 


1 
< | p2- (u)|Fldz 
0 


1 1 
<e f m(uwjar+c(e.r) | Fpa a) 
0 0 
1—p 
where C(e,p) := 1 (22, , and £ € Ryo will be 


determined later. 
By (14), (15), (16) and (17), we obtain 


1 

© f Rudar 

0 

1 1 

<-pA-e) f lude +pCle,p) | |FPar 

r i 0 0 

+37 f dp! (u)da. (18) 
0 


Choosing £ € (0, A) and applying the Gronwall’s inequality, 
it follows that 


f aiik 
<e-PA—et f p? (uo(2))dz 


$ 1 
Jatka i e7P(A—e) (=s) 1 |F (z, s)|Pdeds 
0 0 


t 
2 rf e PA-e)(t=S) a5 (s)ds, VE € Rso, (19) 
0 


where 7)1(s) := 3p fo Ap?! (u(x, s))dax. 
Letting r + 0* and using the Hölder’s inequality, we obtain 


lut ao. 


t 
Se PA Poe 5 +pClep) f e7PA-e)t-9)F(s)ds 
i 0 
se PO il 6-43 
+ pC (e, p)||F || er (0,1) |e POP | pra (0,t) 


Se“) uolon) + RIF VEE Roo, (20) 


where F(s) = J |F (x, s)|Pdz, R = 
1 


1 2p A 
(pC (e, p))? (a) 71 = Z and r2 € [L +00] 
x f 1 i 
satisfying = + => = 1. 
Note that 


= : 1 zpr pryP 
IF|] z- (0,2) a (/ |F (2, 8)|Pde) as) 
o \Jo 


=|| F |Z. (21) 


((0,t);L?(0,1))° 


It follows from (20), (21) and the equality 


(a+b)§ < aS + b$, Ya, b € Ro, VE € [0,1] 


that 


AEN 


lut, H llze(0,1) <e7 Juol|£e(0,1) 


+ R\|F |lz-((0,t);22(0,1))- (22) 


In the case of p = 1, it suffices to note that (17) becomes 


1 1 1 
fe wnuyrac= f Fas | Flax. 
0 0 0 
Then (18) becomes 
d 1 1 3 
— | p(u)dz < -a f pr(u)da +f |F'|dx + TÀ, 
which implies that 
lut, fl e201) SE |[uollz2(0,1) 


+ RI|F'llz-((0,t);£(0,1)): (23) 


with R := (51) F 


Ar 


For the ISS in the spatial L°°-norm of system (9), it suffices 
to note that (20) becomes 


llul, IE» (0,1) <6 PO lg Fo 10.4) 


t 

+ pC(e, p) | e PO) 8) Fill | og 4d 
0 

<e PO“ 49 | Pn 


C(e,p) 
A-€E 


0,1) 


IF| 


+ L= ((0,t); L? (0,1))? 


which leads to 


—(A-e 


lu(-, )\lze(o,1) Se t Iluollze(0,1) 


u u 1 
X ole p)\ 
> + (SEP) IFoo: 


A 


Letting p — +00, we obtain 


lut Ðllz=0,1) <e A=" uollz=(0,1) 


1 
gi 2 |lFllz=(o,0);2%(0,1))- (24) 
In view of (22), (23) and (24), and noting that 


IF lz ((0,t);22(0,1)) < (1 + a4) II Flor ((0,2);22(0,1)) 


we conclude that system (9) is L”-ISS in the spatial L?-norm 
having the estimate (12), whenever p € [1, +00] and r € 
[p, +00]. 

Step 2. We prove (13). Recalling the regularity of u (see 
Lemma 1), we calculate in the case of p € (1, +00): 


1d f! 
Pr (Ux )dax 
0 


-f pE (ux) p, (Ur )Uredar 
= (P+ (ux) p', (usur) Ez 
7 | (0p (ux) p7(Ue)),, wed 


(~ (ux) (Ux)) » (Ure — Au + F) dx 


Alig udgde + | (P (ua) (te), ude 


aK 
b(ue)u2 de — J oP A iad 
0 


+ | pP*(ur) pi (Ue) Fede for ae.t€Rso, (25) 


J, 
L 
- f (~ (ur) p-(ux)), Fdz 
I 
i 


where @ and F are the same as defined earlier. 
Proceeding in the same way as (18), we deduce by (25) that 
1 


tj P d 
dt o pr (Ux) T 


1 1 
<-p(à-— £) I p? (ux, )da + pC (e, p) | |F., |? da 
0 0 


3 1 
+ z | A+ (uzs)dx for a.e. t € R>o, (26) 
0 


where £ € (0, A) is an arbitrary constant. 
Combining (18) with (26), we have 


< | (R) + oR (ua) de 
<= p(A—2) f (W + ob (us))ae 


+ pO(e,p) J (FP + [Fel )de 


0 
1 
Ay sre | Alo (u) + pe! (ue) )dax for a.e. t € Ryo. 
0 


Applying the Gronwall’s inequality, we have 
1 
J (Re) + elete 
0 
1 
ma (07 (wo(a)) + p? (Wow (a:)) dar 
0 


t als 
aoea f e-PO-A)(E=8) / (IFP + |F,|P)dxds 
0 0 


t 
+ rf eo PA-)(t=8) aho(s)ds, Yt € Rvo, 
0 


where 72(s) := yı (s) + p J Ap?! (ue (x, s))dz. 
Letting T — 0* and using the Hölder’s inequality, we have 
for all t € Ryo: 


let dlaoi 


<e POA- luolaston 


t 
+pC(e,p) fe POOF (sds 
0 


ns ame eee 


+ pC(e,p)||F ln o, lle OET] e2 0,7) 


ae: + RP\F || pr (0,t)> (27) 


where F(s =f (F(x, s)|? + |Fr(x, s)|?)dx, and r1,r2,R 
are the same as in (20). 
Note that 


IF| 


L"1ı(0,t) =F |E- {o,4;w12(0,1) 
<(1+ a + 2)? | fllZ-((0,2:wi.7(0,1))- 


We infer from (27) that the estimate (13) holds true. 
The case of p = 1 and p = +00 can be argued in the same 
way as (23) and (24), respectively. The proof is complete. W 


IV. THE L”-ISS OF THE ORIGINAL SYSTEM 


In this section, we prove the L”-ISS in different norms for 
the original system (1) under the boundary control law (2). 

We first prove the following two lemmas that are needed 
for the well-posedness and stability analysis of the closed-loop 
system. 

Lemma 2: Let k € C?(D) be the solution to (3). Let 2 
be either L?(0,1) or W!?(0, 1). For any t € Ryo, define the 
linear operator K : 2 —> 2 by 


a eau 


Then K has a uniformly (with respect to t) bounded linear 
inverse K~!: 2 —> 2. 

Lemma 3: Let k € C?(D) be the solution to (3). For T € 
Ryo, let D := C>! (Qr). Define the linear operator K : D > 
D by 


ult] (2) :=(Kw)[t]( 


(y)dy. (28) 


u(x,t) :=(Kw) (x,t) 
=u | k(x, y)w(y, t)dy. 


Then K has a bounded linear inverse K~!: D > D. 
Proof of Lemma 2: We proceed to the proof in 2 steps. 
Step 1. For Z = L? (0,1), we prove that K has a uniformly 
bounded linear inverse K~': L?(0,1) > L?(0, 1). 
For any fixed t € Ryo, let 


ode) =f kle, yyol 
Then (28) is equivalent to 


wlt] (x) = uft] (x) — vit] (2), 


which implies that 


TOF f CSTOS i, " k(e,y)olél(y)dy. 0) 


(29) 


For any fixed t € Ryo, we prove the unique existence of a 
continuous solution v[t] to the integral equation (30). 


Define x 
= f k(x, y)ult](y)dy 


and 
vne) =- f ke vonili)dy: vn € Ne, 
It follows that 
lvolt](æ)| < o1 |uft]l| z2 (0,1), 
and, by induction, that 
lunt] (æ)| < (31) 


Then, for any fixed t € Ryo, the series >> 9 vn[t](a) 
converges absolutely and uniformly in x € [0,1], and its sum 
v[t}(xz) := X o un[t|(x) is a continuous solution to (30). 
Moreover, (31) implies that 


‘\(2)| oe 
<p 


Saja jegy 


art 


ple [éIlze(o,1)2", Yn € Ny. 
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It follows from (30) and (32) that, for any fixed t € Ryo, 
there exists a bounded linear operator Y: L?(0,1) + L?(0,1) 
such that v|t](x) = (Wu)/[t] (x). 

By (29) and (32), we get 
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which implies that K~': L?(0,1) > L?(0,1) is uniformly 
bounded with respect to t. 
Step 2. For 2 = W1?(0,1), we prove that K has a 
uniformly bounded inverse K-t : W4?(0,1) — W1?(0, 1). 
Indeed, the estimate |vo{t](x)| < a1||ulé]||z»(0,1) and (31) 
imply that 
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It follows from the definition of vo, (34) and (35) that 
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which implies that 57o He m [t] (a) cnifeny converges in 
Pi 1] for any fixed t. Therefore, for any fixed t, w ](£) exists 
n [0,1], and 2ft) = 775 va [t] (x), which belongs to 
(0. 
By (30), it follows that 
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By the eer inequality, it holds that 
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where Mə = A(1 + M,1)(a2 + a3). 
By (32) and (37), for any fixed t, we obtain 
I|w[é]Ilw22,1) =llult] — vl]llw1.e 0,1) 
<Ms|lult]||w1.2 0,1); (38) 


where M3 := 1+ Mı + Mə for p € [1,+00), or M3 := 
1+aje™! +4(1+ aye™!)(a2 +03) for p = +00. Thus K7!: 
Wt (0,1) > W1(0,1) is uniformly bounded with respect 
to t. a 

Proof of Lemma 3: We prove the result in a similar way as 
for Lemma 2. 

We prove the unique existence of a continuous solution 
u(x,t) to the integral equation 
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Let v, with n € No be defined as in the proof of Lemma 2, 
1.e., 
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In view of (34), (36) and (40), it holds that for any (x,t) € 
Qr: 
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where ag := œ&1Q5 + a2 + Q203 + Q104. 
Analogous to (31), for any o t) € Qr, we have 
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By (41) and (42), we deduce that 
e Žo —oVn(z,t) uniformly converge in Qr; 
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Then v(a,t) := S09 Un(x,t) is a continuous solution to 
(39), and satisfies 
e 2 (x, t) ee ae (x,t) that belongs to C(Qr); 
e 23 (x,t) =~, Z (x,t) that belongs to C(Qr); 
© Zlat) = ro ie. (x,t) that belongs to C(Q,). 
Furthermore, we infer from (41) and (42) that there is a 
positive constant M4 such that 
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We conclude that K has a bounded linear inverse K~!: 
C>! (Qr) > C> (Qr). E 

We are ready for the proof of the main result obtained in 
this paper. 

Proof of Theorem 1: The existence, uniqueness and regular- 
ity of a solution to the closed-loop system (1) are guaranteed 
by Lemma 1 and Lemma 3. 


Now we show that the closed-loop system (1) is L”-ISS 
both in the spatial L?-norm and in the spatial W+?-norm. 

Indeed, by the definition of wo and the Cauchy-Schwarz 
inequality, we have 
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For p € [1, +00] and r € [p, +00], applying Proposition 1, 
Lemma 2 with 2 = L?(0,1) and 2 = W1?(0, 1), respec- 
tively (see (33) and (38)), and using (43), we obtain for any 
te Ryo: 
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where C > 0 is a constant depending only on aj, a2, a3, Mı 
and Ms, R and à are defined in Proposition 1, and Mı and 
Mg are defined in the proof of Lemma 2. 

The estimates (44) and (45) indicate that system (1) is L’- 
ISS in the spatial L?-norm and W!?-norm, respectively. W 


V. CONCLUSION 


In this paper, the integral input-to-state stabilization in 
different norms was studied for certain linear parabolic PDEs 
with external inputs. A boundary backstepping controller was 
designed, and the iISS of the closed-loop system was analyzed 
by employing the ALM that can avoid singularities in the 
CLM. 

As applying the backstepping to nonlinear PDE systems is 
more challenging, our future work will focus on introducing 
novel techniques for the control design and address the integral 
input-to-state stabilization in different norms for nonlinear 
PDE systems with external inputs. 
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